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Abstract
In the present paper we consider the problem of the existence of pre-
semigeodesic coordinates on manifolds with affine connection. We proved
that pre-semigeodesic coordinates exist in the case when the components
of the affine connection are twice differentiable functions.
Keywords: Geodesic, pre-semigeodesic coordinates, manifold with affine
connection. 1 2 3
1 Introduction
Geodesics are fundamental objects of differential geometry, analogous to straight
lines in Euclidean space. A geodesic is a curve whose tangent vectors in all of
its points are parallel. Some properties of geodesic lines in mechanics: a point
mass without external influences moves on a geodesic line, another example
of geodesics is an ideal elastic ribbon without friction between two points on
a curved surface [11, 12]. Geodesics are of particular importance in general
relativity. Timelike geodesics in general relativity describe the motion of inertial
test particles.
Let An = (M,∇) be an n-dimensional manifold M with affine connection ∇.
A curve ℓ in An is a geodesic when its tangent vector field remains in the tangent
distribution of ℓ during parallel transport along the curve or, equivalently if
and only if the covariant derivative of its tangent vector, i.e. λ(t) = ℓ˙(t) is
proportional to the tangent vector ∇λλ = ρ(t)λ, where ̺ is some function of
the parameter t of the curve ℓ.
When the parameter t of the geodesic is chosen so that ̺(t) ≡ 0, then this
parameter is called natural or affine. A natural parameter is usually denoted
by τ .
With geodesics some special coordinates are closely associated:
geodesic, semigeodesic and pre-semigeodesic coordinates.
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Geodesic coordinates at a point p and along a curve ℓ (Fermi coordinates)
are characterized by vanishing Christoffel symbols (or components of the affine
connection) at the point p and along the curve ℓ, respectively.
Let us consider a non-isotropic coordinate hypersurface Σ: x1 = c in (pseudo-)
Riemannian space Vn. Let us fix some point (c, x
2, . . . , xn) on Σ and construct
the geodesic γ passing through the point and tangent to the unit normal of Σ;
γ is an x1-curve, it is parametrized by γ(x1) = (x1 + c, x2, . . . , xn) and x1 is
the arc length on the geodesic. Coordinates introduced in this way are called
semigeodesic coordinates in Vn.
It is well known that the metric of Vn in semigeodesic coordinates has the
following form: ds2 = e (dx1)2 + gab(x) dx
a dxb, a, b > 1, e = ±1. On the
other hand this coordinate form of the metric is a sufficient condition for the
coordinate system to be semigeodesic. In this case for the Christoffel symbols
of the second type follows Γh11 = 0, h = 1, . . . , n.
Advantages of such coordinates are known since C.F. Gauss (Geoda¨tische
Parallelkoordinaten, [9, p. 201]),
Geodesic polar coordinates : can be also interpreted as a “limit case” of
semigeodesic coordinates: all geodesic coordinate lines ϕ = x2 = const. pass
through one point called the pole, corresponding to r = x1 = 0, and lines
r = x1 = const are geodesic circles (Geoda¨tische Polarkoordinaten, [9, pp. 197-
204]).
Let An = (M,∇) be an n-dimensional manifolds M with the affine connec-
tion ∇, dimension n ≥ 2, and let U ⊂M be a coordinate neighbourhood at the
point x0 ∈ U . A couple (U, x) is a coordinate map on An.
Semigeodesic coordinate systems on surfaces and (pseudo-) Riemannian man-
ifolds are generalized in the following way (Mikesˇ, Vanzˇurova´, Hinterleitner
[14, p. 43]):
Definition 1 Coordinates (U, x) in An are called pre-semigeodesic coordinates
if one system of coordinate lines is geodesic and the coordinate is just the natural
parameter.
In a paper by J. Mikesˇ and A. Vanzˇurova´ [15] these coordinates were called
general Fermi coordinates, and the reconstruction of components of the affine
connection in these coordinates is shown, if we known a certain number of
components of the curvature tensor.
In [14, p. 43], [15] the following theorems were proved.
Theorem 1 The conditions Γh11(x) = 0, h = 1, . . . , n, are satisfied in (U, x)
if and only if (U, x) is pre-semigeodesic.
Theorem 2 The conditions Γh11(x) = 0, h = 1, . . . , n, are satisfied in a
coordinate map (U, x) if and only if the parametrized curves
ℓ: I → U, ℓ(τ) = (τ, a2, . . . , an), τ ∈ I, ai ∈ R, i = 2, . . . , n,
are canonically parametrized geodesics of ∇|U , I is some interval, ak are suitable
constants chosen so that ℓ(I) ⊂ U , Γhij are components of the affine connection
∇, the subset U ⊂M is a coordinate neighbourhood of An = (M,∇).
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We thought that the existence of this chart is trivial. This problem is ob-
viously more difficult than we supposed. This was observed in [1, 2] where
precisely the existence of pre-semigeodesic charts was proved in the case when
the components of the affine connection are real analytic functions. In the proof
S. Kowalewsky’s Theorem [8] was used.
We proved that the pre-semigeodesic charts exist in the case when the com-
ponents of the affine connection are twice differentiable functions. The following
is true
Theorem 3 For any affine connection determined by Γhij(x) ∈ C
r(U), r ≥ 2,
there exists a local transformation of coordinates determined by x′ = f(x) ∈
Cr such that the connection in the new coordinates (U ′, x′), U ′ ⊂ U , satisfies
Γ′h11(x
′) = 0, h = 1, . . . , n, i.e. the coordinates (U ′, x′) are pre-semigeodesic and
the components Γ′hij(x
′) ∈ Cr−2(U ′).
The differentiability class r is equal to 0, 1, 2, . . . ,∞, ω, where 0, ∞ and ω
denotes continuous, infinitely differentiable, and real analytic functions, respec-
tively.
It therefore follows that the existence of a pre-semigeodesic chart is guar-
anteed in the case when the components of the affine connection ∇ are twice
differentiable. The existence of this chart is not excluded in the case when the
components are only continuous.
The components Γ′hij(x
′) can have better differentiability than Cr−2(U ′).
On the other hand, if the transformation x′ = f(x) ∈ Cr
∗
, 2 ≤ r∗ ≤ r,
leads to pre-semigeodesic coordinates (which is possible), then it guarantees
that Γ′hij(x
′) ∈ Cr
∗−2.
The affine connection ∇ is defined in general coordinates by n3 components
Γhij(x) which are functions of n variables, and ∇ without torsion is defined by
n2(n+ 1)/2 components.
Theorem 3 implies that in pre-semigeodesic coordinates the number of inde-
pendent functions, which are defined by ∇, is reduced by n functions. It follows
that all affine connections ∇ in dimension n depend locally only on n(n2 − 1)
arbitrary functions of n variables, and all affine connections without torsion
depend only on n(n− 1)2/2 arbitrary functions of n variables.
A manifold An with a symmetric affine connection is called an equiaffine
manifold if the Ricci tensor is symmetric, or equivalently, in any local coordi-
nates x there exists a function f(x) satisfying [13, 14, 17, 20]:
Γαiα = ∂if(x).
It is clear to see that for equiaffine connections the number of these functions is
reduced by further (n− 1) functions.
2 Special coordinates generated by vector fields
Let X be a vector field which is defined in the neighbourhood of the point p on
an n-dimensional manifold Mn in the coordinate system x = (x
1, x2, . . . , xn) by
3
the components ξh(x); ξh(p) 6≡ 0.
It is known, see [3,4,13,14,16,18–21], that it is possible to find a coordinate
system x′ = (x′1, . . . , x′n) such that
ξ′h(x′) = δh1 , (1)
where δhi is the Kronecker symbol.
The coordinate transformation from xh to x′h has the form
x′h = x′h(x1, x2, . . . , xn) (2)
for which the law of change of the components of contravariant vectors holds:
ξ′h(x′) = ξα(x) · ∂αx
′h(x). (3)
This task is solved by finding solutions f(x) and F (x) of the linear partial
differential equations
ξα(x) · ∂αf(x) = 0, (4)
and
ξα(x) · ∂αF (x) = 1, (5)
It is known that equation (4) has (n− 1) functionally independent solutions
f2(x), f3(x), . . . , fn(x), (6)
which are the first integrals of the system of ordinary differential equations
dxh(t)
dt
= ξh(x1(t), x2(t), . . . , xn(t)), h = 1, 2, . . . , n. (7)
Equation (5) is solved in the same way, its solution is denoted by f1(x).
Then the searched transformation (2) has the following form
x′h = fh(x). (8)
The above solution was found for ξh(x) ∈ C1, see [3, 4, 16, 18, 20, 21].
By detailed analysis, based on the Theorem of existence of the general solu-
tion and integrals in [5, p. 306], the system of ordinary differential equations (7)
has the solutions for ξh(x) ∈ C0, and, the functions ξi(x)/ξ1(x), i = 2, . . . , n,
satisfy Lipschitz conditions. In this case there exist (n− 1) functional indepen-
dent integrals f i(x) ∈ C1, i = 2, . . . , n, which are solutions of equation (4) in a
neighbourhood of the point p.
Moreover, from the differential equation (4) we can see that for ξh(x) ∈ Cr,
i = 2, . . . , n, there exist integrals f i(x) ∈ Cr, i = 2, . . . , n. A similar statement
holds for equation (5), i.e. f1(x) ∈ Cr.
From the above follow.
4
Proposition 1 If ξh(x) ∈ Cr, r ≥ 1, then there exist functionally independent
solutions of (4) and (5):
fh(x) ∈ Cr, h = 1, 2, . . . , n.
Theorem 4 Let X be a vector field on Mn such that Xp 6= 0 at a point p ∈M .
If ξh(x) ∈ Cr, r ≥ 1, then there is a coordinate system x′ near p such that
X = ∂/∂x′1 and the transformation x′ = f(x) ∈ Cr.
Remark 1 The proof for X∈C1 can be given e.g. by means of local flows [16].
Remark 2 It is easy to show examples where ξh(x) ∈ Cr, r ≥ 1, and solutions
f i(x) ∈ Cr+1 do not exist.
Remark 3 Finally, we show another approach to the transformation x′h =
fh(x) of Theorem 4.
Let ξ′h(x′) ∈ Cr be a vector field in coordinates x′ and x′h = x′h(x) be the
transformation of coordinates x 7→ x′ for which 0 7→ 0. Further we assume that
ξh(x) = δh1 . Then formula (3) has the following form
∂1x
′h(x) = ξ′h(x′(x)). (9)
We can look at the partial differential equations (9) as ordinary differential
equations in the value x1 and real parameters x˜ = (x2, . . . , xn):
dx′h(x1, x˜)/dx1 = ξ′h(x′(x1, x˜)), (10)
and we can use the integral form:
x′h(x1, x˜) = ϕh(x˜) +
∫ x1
0
ξ′h(x′(τ1, x˜)) dτ1, (11)
where ϕh(x˜) are functions. These functions are initial conditions for the differ-
ential equations (10). For these conditions we assume
x′h(0, x˜) = ϕh(x˜), h = 1, 2, . . . , n. (12)
Evidently, the points (x1, x˜) belong to a certain neighbourhood of the origin 0.
As it is known [5, 6], if ϕh and ξ′h are continuous, then equations (11) (and
also equation (10) with initial conditions (12)) has a solution x′h(x1, x˜). For
this solution, evidently, exists the partial derivative ∂1x
′h(x), unfortunately in
general ∂ix
′h(x), i = 2, . . . , n, can not exist, and in this case x′h(x) 6∈ C1.
From properties of integrals and convergence of series of functions with pa-
rameters, see [10, p. 300], after differentiation of the integral equations (11) we
obtain that
if ξ′h(x′), ϕh(x˜) ∈ Cr (r ≥ 0) then x′h(x) ∈ Cr.
Often it can happen that x′h(x) ∈ Cr+1.
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We note that for the transformation of coordinates x′(x) the initial functions
ϕ(x˜) must satisfy the following conditions det ‖∂ix
′h(0, x˜)‖ 6= 0 where (0, x˜)
is in neighbourhood of the origin 0. These conditions might be for example:
ϕ1(x˜) = 0 and ϕi(x˜) = xi, i > 1.
This is the correct proof of Theorem 4.
Proposition 2 The above general transformations x′ = f(x) depend on n func-
tions with (n− 1) arguments.
Proof. The general solution f of the homogeneous equation (4) is a functional
composition of (n− 1) independent solutions of (6): f = Φ(f2, f3, . . . , fn). The
same holds for the solution of equation (5), because a general solution of the
non-homogeneous equation (5) is a sum of one solution of (5) and the general
solution f of the homogeneous equation (4).
From the above follows that the functions f i of the transformation (8) can
have a lower class of differentiability than Cm+1, it depends on the differentia-
bility of the functions Φ.
In the law of the transformation the components of the transformed tensor
depend of the components of the tensor T and also on ∂ix
′h (or ∂′ix
h). From
that follows that the introduced coordinate transformation f : x 7→ x′ belongs to
the class of differentiability Cr+1 the components of the tensor fields T (x) ∈ Cr
∗
are transformed by
T ······ (x) ∈ C
r∗ 7−→ T ′······ (x
′) ∈ Cmin{r
∗,r}.
Because the transformation law of the affine connection (20) contains ∂ijx
′h
Γhij(x) ∈ C
r∗ 7−→ Γ′hij (x
′) ∈ Cmin{r
∗,r−1}.
3 Pre-semigeodesic coordinates
Let An = (M,∇) be an n-dimensional manifold M with affine connection ∇,
and let U ⊂ M be a coordinate neighborhood at the point x0 ∈ U . (U, x) are
coordinate maps on An.
It is well known that the curve ℓ : xh = xh(τ) is a geodesic, if on it exists a
parallel tangent vector. A geodesic ℓ is characterized by the following equation
∇λ(τ)λ(τ) = 0, where λ(τ) = dx
h(τ)/dτ , (τ is a natural parameter on ℓ), which
we can rewrite in local coordinates
d2xh(τ)
dτ2
+ Γhij(x(τ))
dxi(τ)
dτ
dxj(τ)
dτ
= 0. (13)
The coordinates in An are called pre-semigeodesic coordinates if one system
of coordinate lines are geodesics and their natural parameter is just the first
coordinate, see Definition 1.
6
Let the x1-curves be geodesics ℓ = (τ, x20, x
3
0, . . . , x
n
0 ) where τ is a natural
parameter. Substituting this parametrization into the equations for geodesics
(13) we obtain
Γh11(x) = 0. (14)
This condition is necessary and sufficient for a coordinate system to be pre-
semigeodesic, see Theorem 2. Proof of Theorem 2. Let Γh11 = 0 hold for h =
1, . . . , n. Then the local curves with parametrizations ℓ = (τ, x20, x
3
0, . . . , x
n
0 )
satisfy
dℓ(τ)/dτ = (∂1)ℓ(τ), d
2ℓ(τ)/dτ2 = 0, (15)
therefore they are solutions to the system (13).
Conversely, if the curves ℓ = (τ, x20, x
3
0, . . . , x
n
0 ) are among the solutions to
(13), then due to (15), we get Γh11 = 0.
Hence the pre-semigeodesic chart is fully characterized by the condition (14)
that the curves x1 = τ , xi = const, i = 2, . . . , n, are geodesics of the given
connection in the coordinate neighbourhood, see Theorem 1. The definition
domain U of such a chart is “tubular”, a tube along geodesics.
4 On the existence of pre-geodesic charts
We proved Theorem 3 that a pre-semigeodesic chart exists in the case if the
components of the connection are twice differentiable.
Evidently, the existence of this chart is not excluded in the case when the
components are only continuous.
Let (U, x) be a coordinate system at a point p ∈ U ⊂M , and let Γhij(x) ∈ C
r,
r ≥ 0, be components of ∇ on (U, x).
In a neighbourhood of p we construct a set of geodesics, which go through the
point x0 = (x
1
0, x
2
0, . . . , x
n
0 ) of a hypersurface σ ∋ p in the direction λ0(x0) 6= 0,
which is not tangent to σ.
Let σ and λ0 be defined in the following way:
σ : x1 = ϕ(x20, . . . , x
n
0 ), x
i = xi0, i > 1, and λ
h
0 = Λ
h(x20, . . . , x
n
0 ). (16)
Then the above considered geodesics are the solutions of the following ODE’s
dxh(τ)
dτ
= λh(τ),
dλh(τ)
dτ
= −Γhαβ(x(τ))λ
α(τ)λβ(τ)
(17)
for the initial conditions
xh(0) = (ϕ(x20, . . . , x
n
0 ), x
2
0, . . . , x
n
0 ),
λh(0) = Λh(x20, . . . , x
n
0 )
(18)
for any (x20, . . . , x
n
0 ) in the neighbourhood of p.
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Remark 4 From (17), (18) and from the theory of ODE’s [6, 7] follows:
1) If Γhαβ(x) are continuous, then by the Peano existence theorem locally exists
a solution. 2) If Γhαβ(x) satisfy Lipschitz conditions, then by the Picard-Lindelo¨f
theorem this solution is unique.
In the neighbourhood of p we have constructed a vector field λh(x) 6= 0 which
is tangent to the considered geodesics.
In addition, by more detailed analysis it can be shown that λh(x) ∈ Cr if
Γhij(x) ∈ C
r and moreover
ϕ(x2, . . . , xn) ∈ Cr and Λh(x2, . . . , xn) ∈ Cr.
Note that from the decreasing of the degree of differentiability of the functions
ϕ and Λh follows the decreasing of the degree of differentiability of λh(x).
As an example, we can take the initial conditions (18) in the form:
xh(0) = (0, x20, . . . , x
n
0 ) and λ
h(0) = δh1 . (19)
Theorem 4 ensures the existence of a coordinate system x′ in which
λ′h(x′) = δh1 . So, this system x
′ is pre-semigeodesic, according to Theorems
1 and 2, there also exists a transformation x′ = x′(x) ∈ Cr.
The components of a connection ∇ satisfy the well-known transformation
law [4, 13, 14, 17, 20]:
Γ′hij (x
′) =
(
Γγαβ(x(x
′))
∂xα
∂x′i
∂xβ
∂x′j
+
∂2xγ
∂x′i∂x′j
)
∂x′h
∂xγ
. (20)
Evidently, we can prove:
Γhαβ(x) ∈ C
r , C∞, Cω 7−→ Γ′hαβ(x
′) ∈ Cr−2, C∞, Cω .
Thus Theorem 3 was proved.
Remark 5 Unfortunately, the existence of a solution λ(x) ∈ C0 (if Γhij ∈ C
0)
does not ensure the existence of a transformation x′ = x′(x) ∈ C2, which leads to
the solution of our problem. In this case, the conditions for the transformations
of connections are not fulfilled.
Remark 6 We show a short alternative approach of the methods for finding a
transformation x′h = fh(x), 0 7→ 0, in Theorem 3.
Proof of Theorem 3. From (20) follows formula
∂2x′h
∂xi∂xj
= Γαij(x)
∂x′h
∂xα
− Γ′hαβ(x
′(x))
∂x′α
∂xi
∂x′β
∂xj
.
We substitute from the last formula with i = j = 1, to the conditions Γh11(x) = 0
and x′ = f(x) and we get
∂2fh
∂x1∂x1
= −Γ′hαβ(f(x))
∂fα
∂x1
∂fβ
∂x1
, h = 1, . . . , n. (21)
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If x1 = t and if the other coordinates x˜ = (x2, . . . , xn) are supposed as
parameters the system (21) is a system of ordinary differential equations with
respect to the variable t.
Let the initial condition be
fh(0, x˜) = ϕh0 (x˜)
∂fh
∂x1
(0, x˜) = ϕh1 (x˜).
(22)
To equations (21) and (22) Remark 4 applies.
In addition, for the transformation x′ = f(x) to be regular, it is necessary
that the Jacobi matrix at a point (0, x˜) is regular. Then it is regular in some
neighborhood of the origin 0. An example of suitable initial conditions (∈ Cω)
are
ϕ10(x˜) = 0, ϕ
h
0 (x˜) = x
h, h > 1, ϕh1 (x˜) = 1, ϕ
h
1 (x˜) = 0.
Unfortunately, from the existence of a solution does not necessary follows the
existence of a transformation, which would lead to the solution of our problem.
The solution fh(x) may not be generally differentiable variables x2, . . . , xn.
In order to realize the transformation of the components of the connection (20)
it is necessary that the second derivative of fh(x) according to the variables
x2, . . . , xn exists.
It is known we can find the solution of (21) with initial conditions (22) by a
method of successive iterations [6]:
fhσ+1(x
1, x˜) = ϕh0 (x˜) +
x1∫
0
λhσ(t, x˜) dt ,
λhσ+1(x
1, x˜) = ϕh1 (x˜) +
x1∫
0
Γ′hαβ(f
i
σ(t, x˜)) λ
α
σ(t, x˜)λ
β
σ(t, x˜) dt.
(23)
In the neighbourhood of the point (0, x2, . . . , xn) the iterations fhσ+1(x
1, x˜)
and λhσ+1(x
1, x˜) uniformly converge to the solutions fh(x) and λh(x).
From the properties of the derivative of the integral of the parametric func-
tions, see [10, p. 300], it follows that the first derivative of solution fh(x) exists,
if Γ′hij (x
′), ϕh0 (x˜), ϕ
h
1 (x˜) ∈ C
1. If we take fh0 = λ
h
0 = 0, then each successive
iteration fhσ , λ
h
σ will belong to the class C
1. Because iteration is uniformly con-
vergent, and based on the above properties, the limits fhσ 7→ f
h and λhσ 7→ λ
h
also belong to class C1.
Analogically, the solution fh(x) ∈ Cr exists, if Γ′hij (x
′), ϕh0 (x˜), ϕ
h
1 (x˜) ∈ C
r.
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